We explicitly calculate the moments tn of general Heisenberg Hamiltonians up to eighth order. They have the form of finite sums of products of two factors. The first factor is represented by a (multi-)graph which has to be evaluated for each particular system under consideration. The second factors are well-known universal polynomials in the variable s(s + 1), where s denotes the individual spin quantum number. From these moments we determine the corresponding coefficients of the high-temperature expansion of the free energy and the zero field susceptibility by a new method. These coefficients can be written in a form which makes explicit their extensive character. Our results represent a general tool to calculate eighth-order high-temperature series for arbitrary Heisenberg models. The results are applied to concrete systems, namely to magnetic molecules with the geometry of the icosidodecahedron, to frustrated square lattices, and to the pyrochlore magnets. By comparison with other methods that have been recently applied to these systems, we find that the typical susceptibility maximum of the spin-s Heisenberg antiferromagnet is well described by the eighth-order high-temperature series.
I. INTRODUCTION
The Heisenberg model
is the basic model to describe physical properties of magnetic insulators. Despite its simplicity the thermodynamics of the model is generally unknown. For unfrustrated quantum spin systems the quantum Monte Carlo (QMC) method provides accurate numerical results for the temperature dependence of the physical quantities. If the exchange couplings are frustrated the so-called "sign problem" precludes accurate QMC calculations [1] . For onedimensional (1D) frustrated systems the density-matrix renormalization group approach [2] yields precise results in the whole temperature range. For frustrated quantum spin systems in dimension D > 1 accurate methods to calculate thermodynamic properties are notoriously rare. Quite reasonable results for arbitrary temperatures T can be obtained, e.g., by a second-order Green function technique, see, e. g. , Ref. [3] [4] [5] . However, the application of this method needs quite a lot of technical experience. Hence, a simple but universal approach is desirable. A well established method fulfilling this criterion is the high-temperature expansion (HTE). Since often experimental results, e. g. , for the susceptibility, are available in a wide temperature range (including temperatures exceeding the energy scale set by the major exchange constant J, i. e. , for kT ≫ |J|), the HTE can serve as a method to extract the exchange constants of the Heisenberg model from experimental data. ‡ Correspondence should be addressed to hschmidt@uos.de
For Heisenberg models on the simple two-dimensional (2D) and three-dimensional (3D) lattices the HTE is available up to high orders, see Refs. 6 and 7 and references therein. However, often one is faced with materials where two or even more different exchange constants are relevant. A typical example are frustrated quasi-1D or quasi-2D magnets where except the nearest-neighbor (NN) and next-nearest-neighbor (NNN) in-chain or inplane couplings also the interchain or interplane couplings are important. Typically, for such more complex exchange geometries the HTE is known only up to low order. In this situation it would be desirable to have at one's disposal explicit formulas of higher order HTE for general Heisenberg systems and general spin quantum number s. It is the aim of the present paper to derive such formulas. The key notion is given by the the moments Tr H n of order n, which can be expressed as sums over suitable sets of graphs. From the moments one can derive the coefficients of the HTE for, say, susceptibility or specific heat in a tedious but straightforward manner. Unfortunately, the number of involved graphs grows super-exponentially with the order n, which delimits the maximal order of the HTE for practical purposes. In this paper, we have confined ourselves to calculations up to eighth order and have to take account of 1139 relevant graphs. Nevertheless, this order is sufficient to describe typical properties of frustrated spin systems, as we will show by means of examples.
The calculation of the HTE for spin systems has a long tradition. Since the 1970s it is known that the moments of certain spin lattices with only one exchange constant can be written as sums over sets of graphs G ν with two factors. The first factor was called the "lattice constant" and counts how often the graph G ν can be embedded into the spin lattice. The second factor is a universal polynomial p ν (r) in the variable r = s(s + 1). The poly-nomials p ν (r) up to eighth order together with the corresponding graphs G ν are contained in the appendix of Ref. 6 . We have independently calculated these polynomials by computer-algebraic means and confirmed a sample of the data in Ref. 6 . The generalization of these results from simple spin lattices to arbitrary Heisenberg models is achieved by replacing the above-mentioned"lattice constant" by an "evaluation" of the graph G ν for the spin system under consideration. This evaluation involves sums of products of coupling constants J µν and yields analytical expressions for the moments of H and the coefficients of the HTE of susceptibility and specific heat. It seems that such general analytical expressions for moments have only be published up to order three, see Ref. [8] . Those papers that consider higher-order expansions, see, e. g. , Refs. [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] are usually confined to special cases, i. e. , special geometries or special values of s. We have used some of these papers, namely Refs. 9, 10 and 26 to check our general results.
The paper is organized as follows. In Sec. II we give the definitions used and illustrate the underlying mathematics. In Sec. III we present general results of the HTE coefficients up to fourth order for the moments of the Hamiltonian, the free energy, the specific heat, the magnetic moments, and the susceptibility. The very general expressions up to eighth order can be found in Supplementary Material 1 [28] of Ref. [29] . In Sec. IV we apply our method to specific Heisenberg models, which are currently discussed in the literature, namely the Heisenberg antiferromagnet on the Archimedean icosidodecahedron, frustrated square-lattice Heisenberg model as well as the Heisenberg model on the pyrochlore lattice. For these models the HTE for the specific heat and the susceptibility up to eighth order for arbitrary spin quantum number s are collected in the appendices and Supplementary Material 2 [30] of Ref. [29] .
Although, the information provided in this paper and the supplementary materials [28] allows, in principle, to calculate the HTE up to eighth order, it might be a tedious task to do so in practice. Hence, we provide a simple computer program written in C++ that allows to calculate within a few seconds the eighth-order HTE coefficients as well as the Padé approximants for the susceptibility and the specific heat for an arbitrary Heisenberg model with up to four different exchange constants [31] .
II. DEFINITIONS
In this paper we consider systems of N spins with individual spin quantum number s = (1) where the J µν = J νµ , 1 ≤ µ = ν ≤ N are suitable coupling constants and s µ denotes the spin vector operator of the µth spin. The moments t n of H will be normalized by division by the dimension of the total Hilbert space, i. e. , t n ≡ Tr(H n ) (2s+1) N . Analogously, the magnetic moments
(2s+1) N , where S denotes the total spin vector and S (i) , i = 1, 2, 3, its ith compo-
denotes the normalized zero field susceptibility. χ(β) = ∞ n=1 c n β n is its HTE in terms of the dimensionless inverse temperature β ≡ |J| k T , where J is a typical energy. The Hamiltonian H is understood to be dimensionless upon division by |J|. The free energy F (β) is defined by −βF (β) = ln Tr e −βH and its HTE is given by −βF (β) = ∞ n=0 a n β n . From this one derives the normalized specific heat C(β) ≡ −2β
∂β 2 and a short calculation shows that its HTE C(β) = ∞ n=2 d n β n is related to that of F (β) by d n = n(n − 1)a n for n = 2, 3, . . .. HTE are usually written in a compact way by utilizing graph-theoretic notations, see, e. g. , Refs. 6 and 7. Let G be a multigraph consisting of g nodes (vertices) and a number of N (i, j) = N (j, i) bonds (edges) between the ith and the jth node. We do not consider "loops," i. e. , N (i, i) = 0 for all i = 1, . . . , g. The total number of all bonds, γ(G) = i<j N (i, j) will be called the size of G. G is not necessarily connected, see the examples below. We will identify the set of g nodes with {1, 2, . . . , g} and the set of N spins with {1, 2, . . . , N }. To simplify the wording we will omit the prefix "multi-" and simply speak of "graphs" in what follows. A selection of graphs G ν , ν = 1, . . . , needed for purposes of illustration is represented in table I. A complete list of all relevant graphs up to size 8 can be found in Supplement 1. [28] For every graph we define its multinomial factor by
Define the symmetry group G(G) of a graph in the obvious way
Here S g denotes the group of all permutations π : {1, . . . , g} −→ {1, . . . , g}. A localization of a graph G is an embedding
up to symmetries of G. More precisely, two embeddings  1 ,  2 : {1, . . . , g} −→ {1, . . . , N } are called equivalent if and only if  1 =  2 • π for some π ∈ G(G), and a localization of G is a corresponding equivalence class of embeddings. The number of localizations of G (for given N ) will be denoted by L. We will also speak of localized graphs G which will be represented by attaching numbers of different spin sites to the nodes of G, with the understanding that two localized graphs which only differ by a symmetry permutation of the spin sites are considered as identical, e. g. , 1 2 = 2 1 .
Two localized graphs G 1 , G 2 can be soldered in a natural way yielding the "soldering product" G 1 ⊕ G 2 , which is another localized graph. The nodes of G 1 ⊕ G 2 are identified according to their numbering and the bonds are correspondingly added. For example, 
Conversely, we will say that the localized graph G 1 ⊕G 2 is decomposed into G 1 and G 2 . In general, a localized graph can be decomposed into different ways.
From the expansion
it is clear that the expressions for the moments t n involve various products of coupling constants J µν . The structure of these products can be represented by the graphs G defined above, such that the factors J ℓ µν correspond to the bonds of G with multiplicity ℓ. The sum of different products in (6) of the same structure will be obtained by an evaluation of G, denoted by G, for the spin system under consideration. G denotes a real number which depends on the coupling constants and only implicitly on the number N of spins. This number will be defined according to the following statements:
1. If g > N we set G = 0.
2. If g ≤ N we select from each equivalence class of embeddings a certain representative
and define
Obviously, the definition of G does not depend on the choice of representatives  ℓ since the product
is invariant under permutations from the symmetry group π ∈ G(G).
In order to illustrate this definition we consider an example of N = 4 spins and G = , hence g = 3 < 4 = N . The symmetry group G(G) consists of all permutations of {1, 2, 3} hence |G(G)| = 3! = 6. There are 4! embeddings  : {1, 2, 3} −→ {1, 2, 3, 4} and L = 4! 3! = 4 equivalence classes from which we choose the representatives The coefficients c n of the susceptibility's HTE (and similarly the a n of the free energy HTE) will contain products of evaluations G ν G µ . These expressions can be simplified using rules which transform such products into linear combinations of other evaluations. To give an example, we consider
It is obvious that this product can be written as a sum over evaluations of the three graphs which can be combined from and , namely , and . In fact,
Similar expressions can be derived for other products of evaluations yielding various "product rules" of the form
Here the sum over λ runs through all graphs G λ whose localizations are soldering products of localizations of G µ and G ν . The integers c λ µν count the number of ways to decompose a localization of G λ into localizations of G µ and G ν . For example, the decomposition (5) is unique (up to symmetries), hence c 
hence c 39 2,6 = 2, c. f. table I. In the case G µ = G ν we have to define c λ µν in such a way that the binomial factor 2 is included for products of different localizations. For example,
From the product rules (14) one can derive further ones for multiple products. III. RESULTS
A. Moments
It turns out that the moments t n can be written in the following way:
Here the G ν , ν ∈ T n , denote certain graphs of size n and the p ν are polynomials of order ≤ n in the variable r = s(s + 1). Actually, the p ν are of the form
i r i where g denotes the order of G ν and some a (ν) i may vanish. The leading coefficients a (ν) n determine the classical limit r −→ ∞ of the moments, hence they can be calculated by means of integrals over unit spheres.
It is crucial that the polynomials p ν depend neither on N nor on the coupling constants J µν whereas the terms G ν depend only on the coupling constants and only implicitly on N via (8) . The polynomials p ν up to eighth order are well known and have been used for the HTE of certain spin lattices. A subset of the p ν is, for example, listed in Ref. [6] together with certain rules which permit the calculation of the remaining polynomials. The most important rule holds in the case where G is the disjoint union of two simpler graphs, G = G 1 G 2 and reads
Note that the polynomials in Ref. [6] are defined as our p ν divided by the multinomial factor (2), hence these factors do not occur in the rule analogous to (19) . Other rules, which we need not repeat here, say that the p ν vanish a priori for certain graphs.
For the determination of t n it thus suffices to enumerate the graphs G ν , ν ∈ T n and the corresponding polynomials p ν . We will give the first four moments for the sake of illustration and defer the lengthy expressions for t n , n = 5, 6, 7, 8 to the Supplemental Material 1. [28] t 1 = 0 (20)
B. Free energy
It is well known that the coefficients of the power series for the free energy F (β)
can be expressed in terms of the moments t n and its products. As indicated in Sec. II, a variety of product rules can be used to simplify the resulting expressions. This simplification, which is sometimes also referred to as the "cumulant expansion", see, e. g. , Ref. 7, has the further advantage that it reveals the extensive character of the a n . By this we mean the following. If the spin system under consideration would have a periodic lattice structure of, say, K unit cells with periodic boundary conditions, it follows immediately that the evaluation of a single graph G linearly scales with K, and hence with N , as long as G is connected. For unconnected G the evaluation scales with K c where c is the number of connected components of G. Obviously, products of evaluations of connected graphs G ν G µ would scale with K 2 . It turns out that the elimination of these and higher products in the expression for the a n by means of the rules (14) also eliminates the evaluation terms of unconnected graphs. This has to be expected on physical grounds, since the total free energy of a spin lattice should be an extensive quantity, i. e. , linearly scale with K. But it is an additional consistency test of our results that the non-extensive contributions to the a n actually cancel.
The first five coefficients of the series (24) read as follows:
The a n , n = 5, 6, 7 are given in Supplemental Material 1.
[28]
C. Magnetic moments and susceptibility
To obtain the magnetic moments µ n we will adopt a special method which is available if one knows the moments t n for all values of the coupling constants J µν . We replace H by the one parameter family of Hamiltonians
2 − N r . Equivalently we can substitute J µν → J µν + α for all coupling constants. The magnetic moments then result from differentiating Tr(H n+1 α ) w. r. t. α and finally setting α = 0:
We can calculate the left hand side of (30) if we insert the results for the moments and consider "derivatives" G ′ of graphs defined in the following way. Let G (ij) denote the graph G but with one bond removed,
) denote the respective symmetry groups. Then we define
One has, so to speak, to break each bond of the graph and to sum over all results. Further, one has to introduce factors which compensate for the possible change of symmetries. For example, ′ = 6 + . It is obvious that the evaluation of G ′ just yields ∂ ∂α G α=0 . Then it is a straightforward task to calculate the magnetic moments µ 0 , . . . , µ 7 by using the above results for the t n . We will display the results for µ n , n = 0, 1, 2, 3 and give the remaining µ n , n = 4, 5, 6, 7 in Supplemental Material 1. [28] 
The coefficients of the high temperature expansion of χ = β
can be expressed through the µ n and the t n which occur as coefficients of the series in the numerator or in the denominator, respectively. The first four coefficients are given by:
Inserting the known values for the t n and the µ n yields the desired results for the c n . Similarly as in Sec. III B, a variety of product rules can be used to simplify the resulting expressions revealing the extensive character of the c n . We will represent the results for the susceptibility's HTE up to fourth order in the inverse temperature β. The higher coefficients c n , n = 5, 6, 7, 8 are given in Supplemental Material 1. [28] 
IV. APPLICATION TO FRUSTRATED HEISENBERG SYSTEMS
To improve the HTE approximation G. A. Baker has introduced Padé approximants [32] (see also Refs. 6 and 7). These ratios of two polynomials [m, n] = P m (x)/R n (x) of degree m and n provide an analytic continuation of a function f (x) given by a power series, and, Fig. 1 . Moreover, the interactions between the magnetic ions are well described by the Heisenberg model (1) with NN interactions. These molecules have attracted much attention from the experimental [33] [34] [35] [36] [37] [38] and theoretical side [37] [38] [39] [40] [41] [42] [43] [44] . One reason is that their frustrated exchange geometry has much in common with the kagomé lattice, see, e. g. , Refs. 45 and 46. For the Mo 72 V 30 and W 72 V 30 molecules the spin quantum number is s = 1/2, which allows us to calculate low-energy states exactly by Lanczos exact diagonalization [39] . For spin quantum numbers s > 1/2 that is already impossible, i. e. , for Mo 72 Cr 30 (s = 3/2) and Mo 72 Fe 30 (s = 5/2) the low-energy spectrum can be found only approximately [37, 40] . To evaluate thermodynamic properties already for s = 1/2 one has to use approximations [43, 44] . Only at high magnetic fields and low temperatures numerical exact results were reported [42] . Very recently a finite-temperature Lanczos approximation has been used [44] to describe the magnetic properties of W 72 V 30 at finite temperatures, and it has been found that the theoretical results agree well with the experimental data over a wide temperature range. However, for frustrated quantum spin systems with s > 1/2 the calculation of thermodynamic quantities is even more challenging. Hence our HTE seems to be useful in particular for s > 1/2. The HTE series for the susceptibility and the specific heat for arbitrary spin quantum number are given in Eqs. (A1) and (A2) in Appendix A.
We focus on the analysis of the HTE data for the susceptibility, since the high temperature magnetic part of the specific heat often cannot be accurately separated from the phonon part. First we compare our s = 1/2 HTE result for χ with experimental [36] and theoretical [44] data for W 72 V 30 . In Fig. 2 we show the T χ vs. T curve as done in Refs. 44 and 36. While the raw HTE data start to deviate from the experimental ones at about T = 115K we find an excellent agreement with the experimental results and the previous theoretical simulations if we use the [4, 4] Padé approximant.
Next we compare in Fig. 3 (A1) given in Appendix A we use a renormalized temperature T /s(s + 1), i. e. , we show the dependence T χ/s(s + 1) vs. T /s(s + 1) in Fig. 3 . Obviously the curves for different s are very close to each other. From Eq. (A1) it is obvious that with increasing spin quantum number s in each order of β = 1/kT the highestorder in r = s(s + 1) yields the dominant contribution, and therefore the plot T χ/s(s + 1) vs. T /s(s + 1) becomes independent of s for larger values of s. However, from both figures 2 and 3 the question arises, whether the T χ/s(s + 1) vs. T /s(s + 1) plot is appropriate to detect specific features in χ, in particular at low temperatures. Indeed, the plots in Fig. 4 demonstrate that the characteristic low-temperature maximum in χ is masked in the T χ/s(s + 1) vs. T /s(s + 1) plot. The height and the position of the maximum in χ clearly depend on s. From Fig. 4 it is obvious that its position is shifted to lower values of T χ/s(s + 1) while its height is increasing with growing s. Next we consider spin systems on infinite lattices. As an example we focus on the frequently discussed squarelattice Heisenberg magnet with NN couplings J 1 and frustrating NNN bonds J 2 , the so-called J 1 -J 2 model. This system has attracted a great deal of interest as a model system to study quantum phase transitions, see, e. g. , the recent publications 47-53 and references therein. The HTE for the spin-1/2 J 1 -J 2 model was presented in Ref. 26 .
The interest in this model is also promoted by a number of experimental investigations on magnetic materials described reasonably well by the J 1 -J 2 model. However, in real materials often one is faced with deviations from the ideal J 1 -J 2 model. For instance, in layered vanadium phosphates [54, 55] due to low crystal symmetry the bonds along the sides and the diagonals of the square can be nonequivalent. Hence, in a realistic spin model for these compounds one has to consider two independent NN and two independent NNN exchange parameters.
Therefore we consider here a generalized
where the NN bonds J 1 and J ′ 1 as well as the NNN bonds J 2 and J ′ 2 are arranged on the lattice as shown in Fig. 5 . This model is more appropriate to provide a realistic description of frustrated square-lattice materials such as the layered vanadium phosphates.
Based on our general formulas we get the coefficients of the high-temperature expansion for the susceptibility and the specific heat for the generalized model (41) , see the Appendix B and the Supplemental Material 2 [30] . These formulas contain also interesting limits of coupled chain systems [56] [57] [58] [59] obtained by an appropriate choice of the coupling constants. First, we compare in Fig. 6 the HTE data for the susceptibility with accurate QMC data for the pure square lattice Heisenberg antiferromagnet for s = 1/2 and s = 1, see, e. g. , Refs. 60, 61 and 53, as well as with numerical exact data for finite lattices obtained by full exact diagonalization (ED). Again we use the renormalized temperature T /s(s + 1) for the plot; see the discussion in the previous section. The comparison with precise QMC data allows to estimate that temperature T a down to which the HTE approximation for χ is accurate. We find that the pure HTE in eighth order practically coincides with QMC data until T a,1 /(J 1 s(s + 1)) = 1.2, 1.4 and 2.0 for s = 1/2, s = 1, and s = 5/2, respectively. Using the [4, 4] Padé approximant we find T a,2 /(J 1 s(s + 1)) = 0.85, 0.75, and 0.95 for s = 1/2 s = 1, and s = 5/2, respectively, and it is evident from Fig. 6 that the maximum in χ is described accurately. Even significantly below T a,2 the Padé approximant describes the QMC data reasonably well. Moreover, by comparison with ED data we can figure out how good typical ED results can describe realistic large systems in two dimensions. Often, the ED is used as the only method to discuss the thermodynamics of strongly frustrated 2D quantum spin systems, see, e. g. , Refs. 54 and 62-64. The results shown in Fig. 6 indicate that for 2D systems already at moderate temperatures and even for s = 1/2 (where largest systems are accessible by ED) significant finite-size effects appear, and that our HTE results for N → ∞ are better then typical ED results. A similar finding was reported in Ref. 5 where ED results for χ are compared with data of a Green's function approach for a spin-1/2 frustrated square-lattice ferromagnet. We consider now the generalized (41) relevant for layered vanadium phosphates [54, 55] . First, we mention that, for the symmetric model (i.e.
, we give the general formulas for the HTE coefficients for arbitrary s up to eighth order in Appendix B. For the asymmetric model for arbitrary s the formulas become very lengthy for higher orders. Therefore, in Appendix B we present the formulas for arbitrary s only up to fifth order, and give the remaining sixth to eighth orders in Supplemental Material 2. [30] To illustrate our HTE results we follow the lines of Ref. 54 and discuss the influence of exchange asymmetry
on the temperature dependence of the susceptibility, in particular, on the position and the height of the maximum in χ. This issue was discussed Ref. 54 based on ED data for N = 16 = 4 × 4 (see Fig. 9 therein) . We have repeated these ED calculation and compare the ED results with the HTE data for N = 16 and N → ∞ in Fig. 7 and in Table II. Obviously for N = 16 the ED and the corresponding HTE-Padé data for the maximum in χ agree well. But it is also obvious, that the finite-size data for the maximum do not agree well with data for N → ∞. The shift of the maximum by varying the asymmetry (i. e. , the difference in J 1 and J ′ 1 or/and in J 2 and J ′ 2 ) discussed Ref. 54 is not observed (or is at least much less pronounced) in the HTE results for N → ∞, cf. Fig. 7 and Table II . Hence we argue again that the conclusions based on finite-temperature ED data for 2D systems might be not reliable for large systems. As the last example we consider a 3D frustrated spin system, namely the Heisenberg model on the pyrochlore lattice. In three dimensions the ED is not applicable to calculate reasonably well thermodynamic properties. Moreover, typically there is finite-temperature phase transition which needs special analysis of the HTE series. The pyrochlore lattice is highly frustrated and it has attracted much attention over the last years, see, e. g. , Refs. 65-67 and references therein. To the best of our knowledge so far no higher-order HTE has been presented. For the classical limit the thermodynamics was investigated systematically mainly by classical Monte Carlo (MC) simulations; see, e. g. , Refs. 68, 69 and 70. Due to strong frustration there is no phase transition to an ordered low-temperature phase for the pyrochlore Heisenberg antiferromagnet. For the quantum model no precise data are available at lower temperatures.
The HTE series for the susceptibility and the specific heat for arbitrary spin quantum number s are given in Eqs. (C1) and (C2) in Appendix C. The plots of the Padé approximants for the Heisenberg antiferromagnet are shown in Fig. 8 for various values of s. For the classical model (s → ∞) we compare our HTE data with MC data calculated in Ref. 69 , see also Ref. 70 . Surprisingly, there is an excellent agreement with the MC data down to temperatures which are considerably below |J|/k. In particular, the fact that there is no maximum in the χ(T ) curve is observed both in MC and HTE results. Lowering the quantum number s, i. e. , increasing the quantum fluctuations a low-temperature maximum in χ(T ) emerges. The height χ m of the maximum decreases, whereas the position T m /s(s + 1) increases with decreasing of s. 
V. CONCLUSIONS
In this paper we provide general expressions for the high-temperature expansion series up to eighth order of free energy, the specific heat, and the susceptibility for Heisenberg models with arbitrary exchange patterns J µν and spin quantum number s. These formulas can be used as a tool to investigate thermodynamic properties of general Heisenberg systems and thus for the interpretation of experimental data, especially if other precise methods, such as the quantum Monte Carlo method or the finite-temperature density matrix renormalization group approach, are not applicable. By comparison with precise quantum Monte Carlo results for the susceptibility χ of the unfrustrated 2D Heisenberg antiferromagnet with NN exchange J with s = 1/2, s = 1, ..., s = 5/2 we find that the HTE results yield the correct susceptibility at high temperatures down up to T /s(s + 1) ≈ |J|/k. Using Padé approximants, the accuracy can be extended to lower temperatures. In particular, the typical maximum in χ for the Heisenberg antiferromagnet can be well described using the HTE of eighth order.
We apply our method to frustrated systems, namely to frustrated Keplerate magnetic molecules, to a frustrated square-lattice Heisenberg magnet, and to a pyrochlore Heisenberg magnet. By comparison with finite-size data for the unfrustrated as well as the frustrated square-lattice Heisenberg model obtained by full exact diagonalization we find that the size of 2D systems accessible by full exact diagonalization seems to be too small to get precise data for the susceptibility maximum. The comparison with Monte-Carlo data for the classical pyrochlore Heisenberg antiferromagnet yields an excellent agreement down to low temperatures. 2 ) for arbitrary s up to fifth order, only (for the remaining sixth to eighth order coefficients, see the Supplemental Material 2 [30] ). Note that for the symmetric models with s = 1/2 the HTE coefficients up to 10th order are given in Ref. 26 .
First we give the formulas for the symmetric model: and 
